A homological condition for a dynamical and 
illuminatory classification of torus branched coverings 



Thierry Monteil 



Abstract 

We prove that, for translation surfaces whose homology is generated by the periodic 
orbits, the notions of 
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• pure periodicity 
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are equivalent. In particular, we prove this equivalence for convex surfaces and on 
a dense open subset of full measure on every normalized stratum. 
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Introduction 



A translation surface is a triple {S, Ti,uj) such that iS is a topological compact connected 
surface, S is a finite subset of S (whose elements are called singularities) and ui = 
{Ui, (pi)i<^i is an atlas of iS \ S (consistent with the topological structure on S) such that 
the transition maps (i.e. the (pj o (pT^ : 0j(t/j fl Uj) — > (l)j{Ui fl Uj) for (i, j) G P) are 
translations. This atlas gives to 5 \ S a Riemannian structure; therefore, we have notions 
of length, angle, measure, geodesic... Moreover, we assume that S is the completion of 
S \ Ti for this metric. 

A translation surface can also be seen as a holomorphic differential h on a Riemann 
surface (the singularities correspond to the zeroes of the differential, and in an admissible 
atlas tu, /i is of the form h = dz). 

Translation surfaces provide one of the main tool for the study of rational polygonal bil- 
liards. 

Since the unit tangent bundle of S enjoys a canonical global decomposition US = S x'S^ 
(the rotational holonomy is trivial), the study of the geodesic fiow on S can be done 
through two points of view depending on whether the variable is the first or the second 
projection: 

Dynamics We can fix one particular direction 6* G S^. 

This corresponds to the study of the directional flow (pe : S x M. ^ S . 

In that context, we say that a translation surface S is purely periodic if for any 
9 E S^, the existence of a periodic orbit in the direction 9 implies that the directional 
fiow (j)g is periodic (i.e. there exists T > such that = Idg a.e.). 

Illumination We can also fix one point m x E S. 

This corresponds to the study of the exponential flow expx : E>^ x R ^ S. 

In that context, we say that a translation surface S has the finite blocking property if 
for every pair (O, A) of points in S, there exists a finite number of points Bi, . . . ,Bn 
(different from O and A) such that every geodesic from O to A meets one of the 
5,'s. 

A torus branched covering is a translation surface S such that there exists a branched 
translation covering from iS to a fiat torus (a branched translation covering between two 
translation surfaces is a map vr : (iS, S) — {S', S') that is a topological branched covering 
that locally preserves the translation structure.). This is a global geometric property. 

In |Monl] and |Mon2] . the three notions of torus branched covering, finite blocking prop- 
erty and pure periodicity have been proved to be equivalent for Veech surfaces and surfaces 
of genus two. Gutkin proved independently that the notions of torus branched covering 
and finite blocking property are equivalent for Veech surfaces jGutj . 
In this paper, we prove that the equivalence is true for any surface whose homology is 
generated by the periodic orbits of the geodesic fiow. 

In particular, the three notions are equivalent for convex surfaces and on a dense open 
subset of full measure of any stratum. 
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The paper is organized as follows : in section [H we recall some background and useful 
tools. The second one is devoted to the proof of the following results : 

Theorem Let S he a purely periodic translation surface. 
Then hol{V{S)) is a lattice o/R^. 

Theorem [H Let S he a translation surface whose homology is generated hy the periodic 
orhits of the geodesic flow on S. Then the following assertions are equivalent: 

1. S is a torus hranched covering 

2. S has the finite hlocking property 

3. S is purely periodic 

In section ini we try to see to what extent does this result applies. In particular, we prove 

Proposition Let S he a convex surface, then the periodic orhits of S generate 

Proposition [2I. Ln any stratum Hi{ki, . . . , kn) , the set of translation surfaces whose 
homology is generated hy the perodic orhits is an open dense suhset of full measure. 

The last section is a discussion about the tools we used, particularly the J-invariant (in 
the proof of Theorem ^ and the existence of two transverse parabolic elements (for the 
proof of the result about Veech surfaces), and the fact that in general one needs to find 
periodic orbits in more than two directions to generate the homology of a translation 
surface. We take the opportunity to introduce the class of translation surface whose 
J-invariant is of the simplest form, and present a collaborative encyclopedy of concrete 
translation surfaces. 
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1 Background and tools 



1.1 Cylinder decomposition 

Let 5 be a translation surface. A cylinder C of 5 is a maximal isometric copy of 
M./wZx]0,h[ in S {w > 0, h > 0). The parameters w and h are unique and called 
the width (or perimeter) and the height of C. The direction of C is the direction of the 
image of M/wZ x {h/2} (which is considered here as an oriented closed geodesic); it is 
defined modulo 27i. 

We say that S admits a cylinder decomposition in the direction 6 if the (necessarily finite) 
union of cylinders in that direction is dense in S. The remaining is a finite union of saddle 
connections (a saddle connections is a geodesic 7 : [0, 1] ^ iS joining two singularities 
and such that 7(]0, 1[) does not contain any singularity). 

Any periodic trajectory for (j)0 can be thickened to obtain a cylinder in the direction 6. 
Thus, saying that S is purely periodic is equivalent to say that in each direction 6 that 
admits a periodic orbit, S admits a cylinder decomposition whose cylinders have com- 
mensurable perimeters. This property is stronger than the notion of complete periodicity 
introduced by Calta [(^a]) . 

1.2 (Translational) holonomy 

Let 5 be a translation surface. Let 7 : [0, 1] — > 5 be a continuous curve. Thanks to 
local charts, 7 can be lifted on (or C) to a curve 7 defined up to translation. Hence, 
hol{'-f) =7(1) — 7(0) is well defined and is called the holonomy of 7. If h is the holomor- 
phic form that defines 5, we have hol{j) = h. 

If 7' is homologous to 7, then hol{^') = hol{j). If we are looking to closed curves, hoi 
can be extended by formal sum to a morphism hoi : Hi{S,Z) M^. 

1.3 Moduli space and S'L(2, M)-action 

A singularity cr G S has a conical angle of the form 2{k + 1)77, with k >0; we say that a 
is of multiplicity k. In terms of holomorphic forms, it is equivalent to say that there is a 
chart around a such that h = z^dz (i.e. a is a zero of order k oi h). 

If 1 < fci < A;2 < ■ ■ ■ < /cn is a sequence of positive integers whose sum is even, we denote 
by 7i(fci, k2, ■ ■ ■ , kn) the stratum of translation surfaces with exactly n singularities whose 
multiplicities are ki,k2, . . . ,kn (we consider only surfaces without removable singularities 
i.e. singularities of multiplicity 0). A translation surface in TCi^ki, k2, ■ ■ ■ , kn) has genus 
g = l + {ki + k2 + --- + kn)/2. 

For any translation surface S and any A G SL{2, M), we can define the translation surface 

A.{S, E, ([Z„ 0,).G/) = {S, S, ([/„ A o (f),),^j) 

4 



hence we have an action of SL{2,M.) on the moduli space of translation surfaces. 

Each stratum carries a natural topology and a S'L(2, M)-invariant measure that are for 
example defined in |Konj . Let S be an element of some TC{ki, ^2, • • • , ^n) and let B be 
a basis of the relative homology of 5: it is just the concatenation of a basis of the first 
topological homology group Hi {S, Z) with a set of n — 1 curves from a singularity to the 
other ones. If S' is another translation surface (built on the same topological surface), 
let us denote by hols' the associated holonomy. The map 

\ S' \ > {hols'{ll),...,hols'{l2g+n-l)) ) 

is named the period map and is a local homeomorphism in a neighbourhood of S and 
in this system of coordinates, the former measure is absolutely continuous relatively to 
Lebesgue. 

In each stratum H{ki,k2, ■ ■ ■ ,kn), let Hi{ki, k2, ■ ■ ■ , kn) denotes the real hypersurface 
defined by the equation area (5) = 1. The topology can be induced and the measure can 
be pushed from H{ki, k2, . . . , kn) to Hi{ki, k2, . . . , kn) that is stable under SL{2, M). 
Masur |Ma.s] and Veech |Veel| proved that the volume of any such (normalized) stratum 
is finite, and that the action of S'L(2,M) is ergodic on any connected component of any 
normalized stratum. 



1.4 The J-invariant 

In jKenSmi] . Kenyon and Smillie define an algebraic invariant for translation surfaces: 
the J-invariant. It takes values in the alternating product of by itself denoted here by 
Aq (note that is considered here as an infinite dimensional Q- vector space). If 
iP, <) is a totally ordered basis of M^, then {u Av \ {u,v) G and m < f } is a basis of 

M2 Aq R\ 

First, they define it for planar polygons: if P is a polygon of with vertices Vi, . . . ,Vn 
in counterclockwise order around the boundary of P, then 

J(P) = A i;2 + i;2 A H \-VnAvi 

If P is a parallelogram, we have J(P) = 2ei A 62, where ci = V2 — fi and 62 = f 3 — f 2 = 
f4 — vi are two consecutive edges of P (for the same counterclockwise order). 

Then, if a translation surface S admits a cellular decomposition into planar polygons 
S = PiU ■ ■ - U Pn, they define 

J(5)^='j(Pi) + --- + J(P„) 

Any translation surface admits such a decomposition and J{S) is independent of the 
choice of the decomposition of iS into polygons (see [KenSmij ). Note that the singulari- 
ties of S have to be located at the vertices of the Pj's. 
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We have to notice that for any translation surface S, J{S) cannot be equal to zero 
since if denotes the linear map from Aq to M such that for any u and v in 

ip{u Av) = det{u, v), then ip{J{S)) = 2.area{S) ^ 0. 



2 A homological condition for a purely periodic trans- 
lation surface to be a torus branched covering 

Thanks to Hopf-Rinow theorem, since 5 is a complete surface, any closed curve 7 on 
S can be tightened to give a closed geodesic in the same homology class. Therefore, 
Hi{S, Z) is generated by the closed geodesies of S. Among them, are the periodic orbits 
for the geodesic flow. But they are not the only ones since there are also closed unions 
of "consecutive" saddle connections. Let P{S) denotes the set of periodic orbits, and let 
V(S) denotes the subgroup of Hi{S,Z) generated by P{S). 

Theorem 1. Let S be a purely periodic translation surface. 
Then hol{V{S)) is a lattice ofR^. 

Proof: 

Step 1: We prove that dimQ{V ectQ{hol{P{S)))) = 2. 

Let V and W be two non-colinear elements of hol{P{S)). Up to let SL{2,'R) act 
on iS, we can suppose that V is horizontal whereas W is vertical. 

Now, assume by contradiction that there is an element V in hol{P{S)) that is not 
in the Q-vector sapce generated by V and W . 

V can be neither parallel to V nor W since S is purely periodic. 

We write the real combination V' = aV + [3W . 

We have supposed that a or /? is in R \ Q. There is no loss of generality to assume 
that both a and j3 are positive and that a is irrational (see Figure HJ the positivity 
of a and (5 is just here to avoid confusions in the computation of J{S)). 




a V 

Figure 1: Three vectors in hol{P{S)) that are free over 
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We will now calculate J{S) in two different manners, along the couple of directions 
{V,W), and then along {V',W). 

Since S is purely periodic, we can decompose S into parallel horizontal and vertical 
cylinders (Ci)Lo and (2^j)^=o- 

For i < p and j < q, CiHVj is the reunion of a familly of disjoint open parallelograms 

(rectangles) {Pi_j^k)k=o ■ Let us denote Vij^k and Wij^k for the sides of Pjj,^ along 
directions V and W. 

Note that wxj , ^ does not depend on j nor k since it represents the height of Cj along 
the direction W, so we can write Wij^k = Wi. Hence, J{Pij^k) = 2fij,fc A u;,;. 

Since S is purely periodic, for any i < p, the holonomy of a periodic orbit along d 
is equal to ViV, where is a rational number. Hence Yl'j=o Ylk=o '"i,j,k = i^iV- 





V2 























































































Figure 2: Situation around Cj 



Since the closures of all the Pi,j,kS form a cellullar decomposition of S (note that 
the singularities of S are located at the vertices of some Pij^s), we have 

P q -riij) p p 

■^('^) = E E E = E 2^'^ aw,^2VaJ2 nwi = V KZ 

i=0 j=0 fe=0 i=0 i=0 

where Z is a vector colinear to W that stands for 2 Yli^QTiWi. 
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The same computation holds if we replace (V, W^) by {V',W), so we have also 
J{S) = V A Z' for some vector Z' colinear to W. 



So, we have V A Z = V A Z' hence (V, V, Z, Z') cannot be free over the rationals. 
Hence, there exists {a,b,c,d) e Q*^ \ {(0, 0, 0, 0)} such that aV + bV' + cZ + dZ' = 0. 

Projecting on the x-axis along the y-axis, we have aV + baV = 0soa = 6 = 
as a ^ Q. Therefore, we have cZ + dZ' = with (c, d) ^ (0, 0) and {Z, Z') is not 
free over Q. So, there exists a rational number q such that Z = qZ' (Z and Z' are 
different from since J{S) cannot be null). 

Then V AqZ' = V' A Z', so {qV - V) A Z' = {q - a)V A Z' = 0. 
Therefore, (g — a)V is colinear to Z', a contradiction. 

Step 2: We prove that hol{V{S)) is a lattice of R^. 

Step 1 asserts that dimqiV ectQ{hol{P{S)))) = 2, and since translational holonomy 
is a morphism, we have VectQ{hol{V{S))) ~ C M^. 

Since Hi{S,Z) is a free abelian group of finite type (it is isomorphic to Z^^ where 
g denotes the genus of 5), so is V{S) as a subgroup. 

Any subgroup of finite type of is discrete in M^. Since there are periodic orbits 
in at least two directions, hol{V{S)) is a lattice of R^. 



Theorem 2. Let S he a translation surface whose homology is generated by the periodic 
orbits of the geodesic flow on S. Then the following assertions are equivalent: 

1. S is a torus branched covering 

2. S has the finite blocking property 

3. S is purely periodic 

Proof: Since (1) =^ (2) =^ (3) is already known |Mon2j . it suffice to prove that a purely 
periodic translation surface S whose homology is generated by P{S) is a torus branched 
covering. By Theoremd A = hol{Hi{S,Z)) = hol{V{S)) is a lattice of M^. 

Now, let us fix a point xq in S. For each point x in 5, we can chose a curve 7a; from xq 
to X. If 7^ is another such curve, then hol{'jx) — hol{'y'^) G A. 
Hence, the map 



is well defined and realizes a branched covering from S to the torus R^/A that preserves 



□ 





□ 



This leads to the following general question: 
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Is the homology of any translation surface generated by its periodic orbits ? 



Note that for our purpose, it is sufficient to prove that periodic orbits generate a subgroup 
of finite index of the holomogy to conclude. 

3 When is the homology generated by periodic orbits? 
3.1 For convex surfaces 

Let V he a simply connected polygon of whose edges are grouped in pairs such that 
two edges in a same pair have the same length and direction but opposite orientation {V 
gets the canonical orientation coming from and transmits it to its boundary). Note 
that a "geometrical" side of V can be decomposed into more than one edge (for exemple 
a rectangle can have more than four edges) . We say that P is a pattern of 5 if iS can 
be obtained from V by identifying the edges in each pair by translation (the singularities 
of S are therefore located at some vertices of V). The Veech construction of zippered 
rectangles ensures that any translation surface admits a pattern. A convex translation 
surface is a translation surface that admits a convex pattern |Vee2| . 

Proposition 1. Let S be a convex surface, then P{S) generates Hi{S,Z). 

Proof: Let V he a convex pattern of S. Let us begin with the following observation: 

Strolling round a singularity Let cr be a singularity of S and let f be a vertex of V 
that represents a. v is surrounded by two consecutive edges in the counterclockwise 
order around V: the first one is called the left edge and the second one is called the 
right edge around v (see Figure [HI). 



The left edge around v is identified to the right edge around another vertex vi that 
also represents a in S. The left edge around vi is identified to the right edge around 
another vertex t>2 that also represents a in S. And so forth until we get a left edge 
around some Vk that is identified to the right edge around v (see Figure |3I). 

Wiewed from 5, we circled in the counterclockwise order around a (see Figure E]). 

Hence, we passed around every vertex of V that corresponds to a, and this stroll 
gives a cyclic order on the vertices of V that represent a. 

The observation is the following: the straight line from some Vi to f j+i corresponds 
to an element of V{S): indeed, viewed as a closed curve of iS, it is homologous to 



V 




V 



Figure 3: A piece of lap around a. 
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Figure 4: From the left edge around Vi to the right edge around Vi+i. 




Figure 5: A whole lap around a in counterclockwise order. 



the closed curve in S associated to the straight line joining the middle of the left 
edge of Vi to the right edge of Wj+i that is a periodic orbit. 

Hence, if v and v' are two vertices of V that represent the same singularity a, the 
straight line from v to v' in V corresponds in S to an element of V{S) , since it is 
homologous to the sum of the elementary closed curves associated to the straight 
lines from a Vi to Vi-^i (y' is one of the Vj's). 

Now, let 7 be a closed curve in S. Up to a tightening, we can assume that it is a closed 
geodesic. If it is a periodic orbit, then we are done. Otherwise, it is a union of saddle 
connections Ci, C2, c„, where Ci goes from a singularity ai to a singularity (T2, C2 
goes from (T2 to 0-3, and so forth, Cn goes from to a\ (the q's belong to the relative 
homology and their sum belongs to the absolute homlogy oi S). 

Viewed in V, Ci is a finite union of segments [cj^i, [aj^2, ^1,2], ■ ■ ■ , ['^i,mii bi,mi\, where 

• Oj^i is a vertex of V that represents CTj 

• bij ~ for 1 < j < rrii — 1 (note that the endpoints of the segments belong to 
the boundary of V) 
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• bi,m^ is a vertex of V that represents CTj+i (with the convention that n + 1 = 1) 

For 1 < i < n and 1 < j < — 1, let Xij denotes the straight line in V between bi j and 
ajj+i: it corresponds in 5 to a periodic orbit denoted by Xij. 

For 1 < i < n, let fii denote the straight line in V between bi^mi and aj+i^i (with the 
convention that n + 1 = 1): since bi^mi and flj+i,! represent the same singularity cxj+i, we 
observed in the beginning of the proof that /i, corresponds in S to an element JI^ of V{S). 
Hence, viewed in Hi{S, Z), the sum 

n rrii — 1 n 

7 + 5^ \i + 5Z7^i 

j=l j=l i=l 

is homologous to zero: indeed, it is homologous to the image under the continuous pro- 
jection P — > iS of a closed path in the simply connected space V (see Figure Ej). Hence, 
7 can be expressed as a sum of elements of V{S) and the result is proved. 




Figure 6: We can add (dashed) elements of V{S) to 7 and obtain a closed curve homol- 
ogous to zero in S. 

□ 

Corollary 2.1. Any purely periodic convex translation surface is a torus branched cov- 
ering. 



11 



Note that we proved in fact the result for face-to-face translation surfaces i.e. translation 
surfaces that admit a pattern V such that for each pair of identified edges e ~ e', there 
exists two identified points x resp. x' in e resp. e' such that the line between x and x' 
belongs to the interior of "P (see Figure EI). Note that there exists non convex translation 




Figure 7: A face-to- face surface (identify parallel sides by translation). 

surfaces |Vee2| . but we do not know it there exists non face-to-face translation surfaces. 

3.2 On a dense open subset of full measure in any stratum 

Proposition 2. In any stratum Hi{ki, . . . , kn) , the set of translation surfaces whose 
homology is generated by the perodic orbits is an open dense subset of full measure. 

Proof: Let C be a connected component of a normalized stratum and let Q denotes the 
subset of surfaces whose homology is generated by the perodic orbits. 
In |KonZor] . Kontsevich and Zorich proved that there exists a translation surface that 
admits a cylinder decomposition in the horizontal direction with only one cylinder in C. 
Such surfaces are convex (the horizontal cylinder can be unrolled to a rectangle of M^) so 

Let S be an element of Q. So, there exists a finite number of periodic orbits 71, . . . ,7Ar 
in S that generate Hi{S,Z). Each 7^ can be thickened to obtain a cylinder of positive 
height. Those cylinders survive under a small perturbation of S, so Q is open in the 
stratum and therefore in C. 

Hence, Q has positive measure, and since it is SL{2, M)-invariant, it is of full measure in 
Q (recall that the action of SL{2, M) is ergodic on C). It is also dense in Q. 

The result follows since the stratum is the finite union of its connected component. 

□ 

We have to notice that Zorich proved the same result using the asymptotic cycle, and 
looking to the evolution of the shape of Veech zippered rectangles of a generic surface 
along Rauzy inductions (see |Zor2| V 
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We also obtained another result that is not exploited yet: if 5 is a translation surface and 
C is a cylinder of S then there exists H > such that for any h > H the homology of the 
surface obtained by replacing C by a cylinder of height h and the same perimeter as C is 
generated by its periodic orbits. Up to a renormalization of the area of those surfaces, 
the "flow" obtained when we let h tend to infinity corresponds to a path from S to the 
boundary of its normalized stratum in a manner that remains to study. 



4 Digression: Two directions do not suffice 

Recall that a surface is called bouillabaisse if its Veech group contains two transverse 
parabolic elements (Veech surfaces are particular bouillabaisse surfaces). Such surfaces 
admit cylinder decomposition in two directions (and the moduli are commensurable). In 
|Monl| . we proved the equivalence of the three asssertions of theorem El for such surfaces. 

This lets us think that it is sufficient to control cylinders in two directions to control the 
surface. Indeed if V and W are two purely periodic directions (directions that admit a 
cylinder decomposition with commensurable perimeters), then the subgroup of gener- 
ated by the holonomy of periodic orbits of those two directions is a lattice and one might 
be tempted to apply the reasoning of theorem [2l to conclude. 

We want to insist on the fact that two such directions are not generally sufficient to 
generate the homology, the following example should convince us: 



a 



a 





Figure 8: A strange surface; parallel lines with the same style are identified by translation, 

aeR\Q. 



Indeed, this surface is purely periodic in the vertical direction and in the direction (2, 1) 
(third picture). But there are in all three cylinders in those two directions, whereas the 
homology is a free abelian group on four generators. It is also not completely periodic, 
since the horizontal direction contains one cylinder and one minimal component (second 
picture). 

Anyway, this surface is convex so its homology is generated by its periodic orbits, but 
one needs more than two directions to succeed. 



13 



4.1 J-simple translation surfaces 

In the proof of theorem [U we used a particular property: let us call a translation surface 
J-simple if its J-invariant can be written v Aw for some vectors v and w in R^. Purely 
periodic translation surfaces are J-simple, but there exists non purely periodic J-simple 
translation surface, like the one described by Figure [HI Note that it is sufficient to have 
two transverse purely periodic directions to be J-simple. 

Question: is it necesssary to have two transverse purely periodic directions to be J-simple? 
can we describe J-simple translation surfaces? 

4.2 Advertising 

We viewed in proposition [21 that is it not hard to obtain generic results about translation 
surfaces. Most of those results do not hold everywhere, and to construct counter-examples 
is not an easy task. For example, this section asked for J-simple translation surfaces with- 
out two periodic directions, and surfaces whose homology cannot be generated by periodic 
orbits in only two directions. We want to propose here a tool to inventory all such con- 
structions, an evolutive encyclopedia of concrete translation surfaces that satisfy some 
particular properties. 

Since the existing litterature and the folklore are quite fat already, and since the theory 
of translation surfaces is connected with many other fields (ergodic theory, algebraic ge- 
ometry, combinatorics, number theory, complex analysis,...), this objective can only be 
reached in an open and collborative way. 

Technically, we set up a wiki i.e. a website where anyone can freely create or modify any 
page using any web browser. It is fully featured and lets the possibility to write 
formulas, to draw and add pictures, to add easily links to other pages, to be automatically 
contacted when some new example is added, to follow the evolution of the web pages... 
The website can be found at 

http : //ocarina, ath. cx/~titi/twiki/bin/view/WildSurf aces/WebHome 

For example, we can inventory the Veech's regular n-gons, a surface whose Veech group is 
SL{2, Z) but that is not a torus constructed by Herrlich and Schmithuesen, McMullen's 
Veech L-shaped surfaces, some translation surfaces with non generic Siegel- Veech con- 
stants, a J-simple surface without any purely periodic direction, Veech obtuse triangular 
billiards of McBilliards, a non face-to-face translation surface, a translation surface whose 
Hasudorff dimension of its non-uniquely ergodic directions is 1/2 constructed by Cheung, 
a translation surface whose Veech group is infinitely generated constructed by Hubert and 
Schmidt, the Arnoux-Yoccoz surface whose Veech group contains an hyperbolic element 
but no parabolic element, a surface that satisfies the Veech alternative but whose Veech 
group is not a lattice, or whatever you want. You can add new surfaces, but also ask 
for surfaces satisfying certain property, find new properties to an existing surface, simply 
add a comment, a new proof, a picture... 

You will find on that website nothing more than what you will contribute. 
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Conclusion 

To sum up, the assertions 

• iS is a torus branched covering (global geometric property) 

• S has the finite blocking property (illuminatory property) 

• 5 is purely periodic (dynamical property) 
have been proved to be equivalent 

• for bouillabaisse surfaces, in particular Veech surfaces | lMonl| . 

• in genus two |Mon2j . 

• for convex surfaces, 

• on a dense open subset of full measure in any stratum. 
Who is next? 
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Appendix: Why is the action of SL(2,R) on the moduh 
space of abehan differential so much studied? 
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Because the one of GL{2, M) is not optimal! 
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